In this article, we first prove that there exists a smooth foliation near codimension one skeleton which is transversal to the Reeb vector field on the contact manifold. Second, we use it to prove that there exists a smooth Poincare section for the Legendre submanifold. Third, we give a proof on the Arnold chord conjecture which states that every Reeb flow has at least as many Reeb chords as a smooth function on the Legendre submanifold has critical points. This also implies a proof on the fact that there exists at least one close Reeb orbits on close connected contact manifold.
Introduction and results
Let Σ be a smooth closed oriented manifold of dimension 2n − 1. A contact form on Σ is a 1−form such that λ ∧ (dλ) n−1 is a volume form on Σ. Associated to λ there are two important structures. First of all the so-called Reeb vectorfieldẋ = X defined by i X λ ≡ 1, i X dλ ≡ 0; and secondly the contact structure ξ = ξ λ → Σ given by ξ λ = ker(λ) ⊂ T Σ.
By a result of Gray, [5] , the contact structure is very stable. In fact, if (λ t ) t∈[0,1] is a smooth arc of contact forms inducing the arc of contact structures (ξ t ) t∈ [0, 1] , there exists a smooth arc (ψ t ) t∈ [0, 1] of diffeomorphisms with ψ 0 = Id, such that T Ψ t (ξ 0 ) = ξ t (1.1)
here it is important that Σ is compact. From (1.1) and the fact that Ψ 0 = Id it follows immediately that there exists a smooth family of maps [0, 1] × Σ → (0, ∞) : (t, m) → f t (m) such that
In contrast to the contact structure the dynamics of the Reeb vectorfield changes drastically under small perturbation and in general the flows associated to X t and X s for t = s will not be conjugated. Let (Σ, λ) is a contact manifold with contact form λ of dimension 2n−1, then a Legendre submanifold is a submanifold L of Σ, which is (n − 1)-dimensional and everywhere tangent to the contact structure ker λ. Then a characteristic chord for (λ, L) is a smooth path
The main results of this paper is following:
be a contact manifold with contact form λ, X λ its Reeb vector field, L a closed Legendre submanifold. Then there exists at least as many Reeb characteristic chords for (X λ , L) as a smooth function on the Legendre submanifold L has critical points.
In [9] , we have proved there exists at least one Reeb chord by Gromov's J−holomorphic curves. Partial results is obtained in [13] . Theorem 1.2 Let (Σ, λ) be a contact manifold with contact form λ, X λ its Reeb vector field. Then there exists at least one close Reeb characteristic orbits for X λ .
In [10] , we have proved Theorem 1.2. by Gromov's J−holomorphic curves. Let dim M = 2n − 1 and let η be a closed maximally non-degenerate (i. e., of rank (2n − 2)) two-form on M. Assume that M is orientable, then there exists a unique unit vector field X η such that 
Sketch of proofs:
In Section 2, we introduce a smooth foliation which is transversal to the Reeb vector field on the punctured contact manifold . In section 3, we use it to prove that there exists a smooth Poincare section for the Legendre submanifold. In section4-5, we prove Theorem1.1-1.4 by considering the Poincare's section and the results in [11] .
2 Transversal foliation 2.1 Transversal triangulation of contact manifold Lemma 2.1 Let (Σ, λ) be a closed contact manifold with contact form λ and X λ be its Reeb vector field. Then there exists a triangulation {∆ i } i∈Λ of (Σ, λ) such that ∆ i is contained in some Darboux cube C(σ) and the Reeb vector field X λ is transversal to each face of every simplex of {∆ i } i∈Λ .
Proof. It is a special case of the general Jiggling Lemma in [14] , i.e., the one for one dimensional distribution generated by the Reeb vector field X λ .
Foliation along the skeleton
Now we consider the skeleton K consists of the faces of dimension lower 2n − 2 of the triangulation {∆ i } i∈Λ . Now we consider that X i is a contact Darboux cube, i.e., (X i , λ) is (preserving contact 1−form) contactomorphic to
with contact form dz −y j dx j , here r k independent of i, i = 1, .., q. We assume that for each i there exists t i such that
Theorem 2.1 Let the skeleton K consists of the faces of dimension lower 2n − 2 of the triangulation {∆ i } i∈Λ as in Jiggling lemma. Then, there exists a foliation along K such that X λ transverses the leaves of the foliation F .
Proof. We first construct a foliation F on U 1 along the boundary of first (2n
, since X λ transverses the skeleton K and each simplex contained in a Darboux chart, we easily construct a foliation F z 2 , t 21 , ..., t 2i , ..., t 2(2n−2) ), one has
2 ). Therefore, we get a foliation on U , we assume that ∆ 2 ∩ ∆ 1 = ∅. One takes a tubular neighbourhood U 2 of ∂∆ 2 such that U 2 ⊂ X 2 and restricts F 1 on U 1 ∩ U 2 . Now we extend the foliation F 1 to U 2 . This is possible since X λ transversal to ∂∆ 2 and F 1 . Let (−δ 2 , δ 2 ) × ∂∆ 2 ⊂ U 2 . We first extend z 2 , t 21 , ..., t 2i , ..., t 2(2n−2) ), one has
). Therefore, we get a foliation on U 1 ∪ U 1 2 . By continuing the extension at a finite steps, we get a foliation near K. This proves Theorem 5.1. Now we extend the foliation constructed in Theorem 5.1 to the bigger subset in Σ such that the Reeb-measure of unfoliated subset is very small. Theorem 2.2 Let K and F and the triangulation {∆ i } i∈Λ as in Theorem 1.1. Then, one can divide each simplex ∆ i by adding the (x, y)−hypersurfaces, here (x, y) = (x i1 , y i1 ; x i2 , y i2 ; ...; x in , y in ),and extend the foliation F along these hypersurfaces such that F is foliated in
Proof. The extension along the (x, y)−hypersurfaces is same as Theorem 5.1 since these hypersurfaces are transversal to the Reeb vector field X λ |∆ i = ∂ ∂z .
Transversal foliation
Theorem 2.3 Let (Σ, λ) be a closed contact manifold with contact form λ and X λ be its Reeb vector field. Then there exists a foliation on Σ\{σ 1 , ..., σ N } such that X λ transverses the leaves of the foliation F .
Proof. By the above theorem.
Poincare section
Poincare-Caratheodory theorem. Let (Σ, λ) be a close contact manifold with contact form λ, X λ its Reeb vector field. Then, almost every point in Σ is recurrent point of Reeb flow(see [1] ).
Let (Σ, λ) be a contact manifold with contact form λ. Let L be a close Legendre submanifold contained in Σ, i.e., λ| L = 0. Let S be a smooth compact hypersurface in Σ which intersects the vector field X λ transversally and contains L. By Darboux-Weinstein's theorem, we can assume that (S, λ|S) is exactly symplectically diffeomorphic to (T * L, p i dq i ). By the construction of the foliation F , we can assume that S is contained in one leaf
Now we triangulate L into very small pieces such that the vertices {v 1 , ...., v K } are all recurrent points for the Reeb flow η s generated by the Reeb vector field
, by the assumption π 1 (Σ, L) = 0, we know that there exists contact autonomous hamilton isotopy ϕ kjs :
with the boundary ∂∆ 2 ⊂ S. Since Σ \ {σ 1 , ..., σ N } is transversally foliated, so there exists contact autonomous hamilton isotopy ψ s : ∆ 2 → (Σ \ {σ 1 , ..., σ N }) such that ψ 1 (∆ 2 ) ⊂ S. By repeating the argument finite times, we get a contact autonomous hamilton isotopy Φ s : Σ → Σ such that Φ 1 (L) ⊂ S. In general, one must consider the covering space. So, we proved Theorem 3.1 Let (Σ, λ) be a contact manifold with contact form λ, X λ its Reeb vector field, L a closed Legendre submanifold. Then, there exists an exact Lagrangian submanifold
4 Proof of Theorem1.1-1.2
Proof of Theorem1.1: By Corollary1.4 in [11] and Theorem 3.1 above yields Theorem1.1.
Proof of Theorem1.2: Let (Σ, λ) be a close contact manifold with contact form λ and X λ its Reeb vector field, then X λ integrates to a Reeb flow η t for t ∈ R 1 . Consider the form d(−e a λ) at the point (a, σ) on the manifold (R × Σ), then one can check that d(−e a λ) is a symplectic form on 
Then, L is a close Legendre submanifold in (Σ ′ , λ ′ ). Then, the method of proving Theorem1.1 yields Theorem1.2. e.q.d.
5 Proof of Theorem1.3-1.4
Let dim M = 2n − 1 and let η be a closed maximally non-degenerate (i. e., of rank (2n − 2)) two-form on M. Assume that M is orientable, then there exists a unique unit vector field X η such that i Xη η = 0.
(5.1)
Proposition 5.1 Let M be a close 2n − 1 dimensional manifold and η be a closed maximally non-degenerate (i. e., of rank (2n − 2)) two-form on M. Assume that M is orientable and the hamilton vector field X η satisfies i Xη η = 0. Then, almost every point in M is recurrent point of X η −flow.
Proof. See [1] . Let L be a close isotropic or Legendre submanifold contained in (M, η), i.e., η| L = 0. Let S be a smooth compact hypersurface in M which contains L and is transversal to the hamilton vector field X η .
Then the above discussion and the method of section2-4 yields the proof of Theorem 1.3-1.4.
